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We describe the elasticity of compressed microgel suspensions starting from a core–shell model for the single particle. The
mechanical properties of the inner core and of the outer corona are described via the mean field Flory theory, and via the
Alexander–de Gennes model for polymer brushes, respectively. The model successfully reproduces experimental measures of
the elastic shear modulus up to a constant factor that we rationalize in the jamming perspective.
1 Introduction
Microgels are colloidal particles made of a polymer gel
swollen in a solvent. They are extensively investigated due
to their role in applications including purification technology
and sensing1,2, and are used to modify the viscoelastic prop-
erties of soft matter systems for drug delivery and cosmet-
ics3,4. Microgel suspensions are useful in this context because
they can percolate the whole space at very low polymer con-
centration, thus influencing the viscoelastic properties of the
medium. Moreover, these properties are easily tunable as they
smoothly increase with particle concentration. This occurs be-
cause particles are soft, and in dense suspensions they shrink
and deform. The dependence of the particle size on concentra-
tion is peculiar to these soft suspensions, and it is not observed
neither in atomic nor in the majority of colloidal systems. This
peculiarity makes difficult to understand the dependence of
their viscoelastic properties on concentration, which is com-
monly expressed in terms of a generalized volume fraction
ζ = nv0 5–8. Here n is the number density and v0 the volume of
the particle measured in the dilute limit, n→ 0. Recent experi-
mental results9 suggest that the mechanical properties of these
dense suspensions are only determined by the single particle
bulk modulus kp. For instance, it is found that the shear mod-
ulus G′ and the osmotic pressure Π scale with kp, as the ratios
G′/kp ≪ 1 and Π/kp ≃ 1 are ζ independent9. These results
indicate that, since the osmotic pressure sets the bulk modulus
kp = ζdΠ/dζ , the key to the concentration dependence of the
elastic properties of concentrated microgel suspensions, is the
ζ dependence of Π. Indeed, modeling a microgel particle as
an hard core surrounded by a corona of polymer brushes10,
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Scheffold and co-workers were able to estimate Π(ζ )11 and,
from this, to predict the shear modulus G′(ζ ) up to a constant
ag = G′/Π≪ 1. This estimate qualitatively reproduces exper-
imental data close to ζ = ζJ ≃ 111, but predicts a divergence
of G′ at higher ζ as a consequence of the assumed core incom-
pressibility. This is in contrast with experimental results in the
highly packed regimes, ζ ≫ 1, showing that the elasticity re-
mains finite, and is qualitatively described in the framework
of macroscopic polymer gel theories12,13. Currently, a single
model able to describe the concentration dependence of the
osmotic pressure and of the shear modulus in a concentration
range spanning from the jamming point up to highly packed
and compressed states is lacking. In addition, the physical ori-
gin of the small scaling factor ag is unknown.
Here we show, via an experimental and theoretical study,
that the shear elasticity of microgel suspensions can be de-
scribed in terms of a model accounting for the particle de-
formation, which allows to estimate the concentration depen-
dence of the osmotic pressure. The model assumes a parti-
cle as composed by a corona of polymer brushes attached to
a compressible core, and we describe their osmotic pressures
via the Alexander–de Gennes model11 and the Flory–Rehner
mean–field theory12, respectively. At every concentration the
relative compression of the particle core and corona is related
to an equilibrium osmotic pressure which sets the suspension
elasticity G′. The model captures well the ζ dependence of
G′, and confirms that G′ is orders of magnitude smaller than
Π, ag ≪ 1. We suggest that the small value of ag can be re-
lated to the non–affine response of the dense suspensions, and
we rationalize its origin in the framework of the jamming sce-
nario14.
2 Experimental
We have validated our theoretical model against three different
set of microgel particles. Here we describe their synthesis pro-
cesses, their geometric structure and their physical features. In
addition, we detail the experimental measure of the osmotic
pressure.
2.1 Particle synthesis
We prepare three different sets of microgel particles.
Two sets are obtained by co-polymerization of poly-N-
isopropylacrylamide (pNipa), a neutral polymer, and acrylic
acid which adds ionic groups to the polymer network, with
a cross–linker concentration of 0.5%. Since these microgels
respond to temperature and pH variations, two different sets
are obtained by changing the solution pH, at T = 25◦C. When
7 6 pH 6 8, the ionic groups are completely dissociated, re-
sulting in fully swollen microgel particles, we will refer to as
ionic particles. When pH≃ 3, the ionic contribution is negli-
gible and the swelling ratio depends on temperature. We will
refer to these particles as neutral particles. A third set of par-
ticles is prepared by polymerization of pNipa with a cross–
linker concentration of 3%. The size of these highly cross–
linked particles is pH independent, and we investigate their
properties in the fully swollen state at T = 10◦C.
2.2 Characterization of the particle structure
Since the compression of a microgel depends on its structure,
we estimate the radial polymer density distribution within a
particle via scattering experiments. It is well established that
a microgel is characterized by a core with uniform polymer
density, and by a corona in which the density decreases to-
wards the particle periphery15–17, as schematically illustrated
in Fig. 1.
The core and the corona size can be measured by fitting the
wavevector, q, dependence of the light intensity I(q) scattered
by dilute suspensions, to an inhomogeneous sphere form fac-
tor15 like: P˜(q) ∝
[
3 Rqcos(Rq)−sin(Rq)
(Rq)3 · exp
(
−λ 2q2
2
)]2
. Here
the form factor of an homogeneous sphere of radius R is con-
voluted with an exponential factor accounting for the density
decay over the characteristic length scale λ . To account for
polydispersity, we assume a Gaussian distribution W (R,R,σ)
for the radius R, with average value R and variance σ2. The
form factor for dilute suspensions is thus described by P(q) =∫
P˜(q) ·W(R,R,σ) dR.
The quality of the fit of the form factor of our suspen-
sions, shown in Fig. 1, supports the core–shell model. We
find R = 0.4µm, λ ≃ 0 and σ = 0.04 for the neutral particles,
R = 0.65µm, λ = 0.06µm and σ = 0.04 for the ionic ones,
and R = 0.35µm, λ = 0.01µm and σ = 0.03 for the highly
cross–linked particles. The overall particle radius R0 and the
core radius R0c are related to these values15 by R0 = R+ 2λ
and by R0c = R− 2λ , respectively.
2.3 Thermodynamic properties of the microgel
Using the Flory-Rehner’s theory for polymer gels12, the mix-
ing contribution to the free energy is given by
pim/kT =−
Na
vs
[ϕ0
α
+ ln(1− ϕ0
α
)+ χ
(ϕ0
α
)2]
,
while that due to the elasticity of the polymer chains is
piel/kT =
nc
v0
[ ϕ0
2α
−
1
α1/3
]
.
Here kT is the thermal energy, α = v/v0 = ϕ0/ϕ is the vol-
umetric swelling ratio, Na is the Avogadro’s number, vs the
molar volume of the solvent and nc the effective number of
chains in a microgel particle, χ the polymer–solvent interac-
tion parameter. In addition, ϕ and v are the polymer volume
fraction and the particle volume, respectively, and ϕ0 and v0
are their values in the microgel generation state, the deswollen
state in our case.
For the particles at cross–linker concentration of 0.5%,
we use the experimental measurement of the swelling ratio
(R/R0)3 = 33 in dilute solution at temperature T = 7 oC and
pH≃ 3, and the condition that Πin = 0 with χ = 0, vs = 18cm3,
v0 = 0.0115µm3, ϕ0 = 0.7, to determine nc = 2.9× 105. We
observe that for T . 20 oC water behaves like an athermal
solvent for Nipam justifying the assumption χ = 018. For the
particles at cross–linker concentration of 3%, we use the same
procedure as before to determine nc = 1.05× 107.
In ionic systems there is an additional osmotic pressure pii
arising from the presence of charged groups in the polymer
network. In the absence of salt, the main contribution to this
ionic term is given by the gas of counterions within the par-
ticle. Assuming electroneutrality, the number of counterions
inside a particle is equal to the total number of ionized groups
per particle. As a result:
pii/kT =
Q
v0α
,
where Q is the number of ions per particle. For our parti-
cles, nc = 2.9× 105 and Q = 7× 106 6, and Flory theory pre-
dicts (R/R0)3 = 140. From dynamic light scattering we find
that at pH = 7 and T = 20 oC R = 0.8µm which leads to
(R/R0)3 = 180. The agreement between the prediction and
the experiments is reasonable, considering that Flory theory
does not account for the polymer density inhomogeneity in
the microgels.
2.4 Measure of shear modulus and osmotic pressure
We measure the elastic shear plateau modulus G′(ζ ) of the
suspensions via linear frequency sweep scans, using rheome-
ters (ARG2, TA Instruments and MCR302, Anton Paar) with
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Fig. 1 (color online) Light scattering measurements of highly
cross–linked (diamonds), at T = 10◦C, and of neutral (squares) and
of ionic (circles) microgel suspensions, at T = 25◦C. Lines are the
corresponding fit to the form factor described in the text. The fits
allow to estimate the size of the core R0c and of the corona ρ0 = 4λ
of a swollen particle. The drawings schematically illustrate a
swollen (left) and a compressed (right) microgel.
plate–plate geometries. As common in suspensions of soft
microgel particles, a plateau modulus emerges at volume frac-
tions ζ > ζJ ≃ 1. This value is larger than the jamming thresh-
old for stiff particles, ζ ≃ 0.64, possibly because particles de-
form at constant volume in the volume fraction range 0.64–1,
without an appreciable energy cost.
To directly measure the osmotic pressure of dense suspen-
sions, a microgel solution at ζ0 ≫ ζ j and pH ≃ 3 is trans-
ferred into bags made from dialysis membranes (SpectraPor
regenerated cellulose membrane, MWCO 12–14 kDa) and im-
mersed in water solutions of dextrans (Fluka, Mn=70 KDa) at
different concentrations. The relationship between the dex-
tran concentration and the resultant osmotic pressure has been
calibrated previously19. After equilibration for one week we
measure the weight w of the solution contained in the bag;
from this the actual microgel concentration is determined as:
ζ = ζ0(w0/w) where w0 is the initial weight at concentration
ζ0.
3 Theoretical model
The microgel structure suggests that, from a mechanical point
of view, a particle can be described by a series of two non–
linear springs of length ρ = R−Rc and Rc, where R is the
radius of the overall particle, and Rc the radius of the homoge-
neous core region. When concentration is increased, particles
compress and the resulting deformation of the two springs is
accounted by the relative variation of Rc and ρ with respect to
their values in dilute solutions, R0c , and ρ0 = R0−R0c , for fixed
external conditions (temperature, pH).
3.1 Corona: Alexander–de Gennes model
The outer spring originates from the interaction between the
outer polymer chains, which results in a pressure Πbr de-
scribed by the Alexander–de Gennes model10. This model
relates the pressure to the length ρ of the polymer brushes
which make the outer corona11
Πbr(ρ) =
kT
s3
[( ρ
ρ0
)νos
−
( ρ
ρ0
)νel]
, (1)
where s is the mean distance between the anchoring points
of the surface polymer chains. In the corona region, and
within the assumption of an isotropic cross-link distribution,
this must be similar to the characteristic decay length, and we
will therefore assume s = λ in the following. The first term on
the right hand side of Eq. 1 is the osmotic pressure of a semidi-
lute polymer solution and the second is the pressure related to
chain elasticity. The exponents are fixed by the dependence
of the characteristic blob size ξ , in the semidilute regime, on
polymer concentration. Indeed, the osmotic pressure pi and
chain elastic force f can be calculated as pi = kT/ξ 3 and
f = kT/ξ 20. For neutral particles, νos =−9/4 and νel = 3/4,
while for ionic ones, νos =−3/2 and νel = 1/221. In the case
of ionic particles, one should also account for the contribution
to the osmotic pressure due to counterions in the corona re-
gions. When the electrostatic screening length is much smaller
than ρ0, as for our particles22, this contribution is relevant
when ρ < ρ0, and a term kT (Q/ncs2)(1/ρ0− 1/ρ)23 has to
be added to Eq. 1. Here Q and nc are the number of ions and
the number of polymer chains per particle; Q/nc is the number
of counterions per chain.
3.2 Core: Flory–Rehner mean–field theory
The inner spring models the compression of the core, a
swollen polymer network. The osmotic pressure Πin of this
network is described by the Flory–Rehner mean–field the-
ory12, which relates Πin to the core size,
Πin(Rc) = pim(Rc)+piel(Rc). (2)
In this equation, the first term, pim, accounts for the variation
in free energy due to polymer/solvent mixing. The second
term, piel , is the elastic contribution resulting from the defor-
mation of the polymer chains with respect to their equilibrium
configuration. In the case of ionic particles, the inner pres-
sure Πin also includes a term pii(Rc) describing the additional
osmotic pressure arising from the presence of a gas of counte-
rions within the polymer network. We remark that the systems
studied here are salt-free. However salt effects can be easily
included in the expressions of Πin and Πbr with standard ap-
proaches21,24. The Flory–Rehner12 mean–field theory gives
the dependence of the different terms of pim, piel and pii on
the particle and solvent properties as described in the previous
section.
3.3 Equilibrium pressure
The condition of mechanical equilibrium between core and
corona, Πin = Πbr = Πeq, together with the condition that
above ζJ the particle size Rc +ρ decreases as22
Rc +ρ
R0c +ρ0
=
( ζ
ζJ
)1/3
, (3)
allow to determine the equilibrium pressure Πeq, and the rel-
ative compression of the core Rc/R0c and of the corona ρ/ρ0
at each value of the volume fraction ζ . The equilibrium pres-
sure Πeq sets the microscopic elastic constant k, which in the
Derjaguin approximation25 is k = piRcΠeq 11. This allows to
estimate the macroscopic shear modulus11,26,27 as
G′th = agk/piR = ag
Rc(ζ )
R(ζ ) Πeq(ζ ). (4)
Eq. 4 neglects the thermal contribution to the shear elastic-
ity, which is the only contribution present for ζ < ζJ . This
contribution is of the order of tens of mPa, and can be safely
neglected as it is not usually experimentally detected.
4 Results
4.1 Concentration dependence of the shear elasticity
In the limit of negligible core compression, our model reduces
to the Alexander-De Gennes polymer brush interaction10,11.
In this approximation the prediction correctly describes the
elastic shear modulus of microgels with a stiff core at volume
fractions ζ & ζJ , up to a constant scaling factor ag 11. The op-
posite limit of negligible corona compression is expected to
describe our neutral suspensions, since the corona of neutral
particles has a negligible length, λ ≃ 0. In this case, Eq. 3
simplifies to R = Rc = R0c (ζ/ζJ)1/3, and Eq. 4 to G′ = agΠeq,
where the osmotic pressure Πeq = Πin is readily estimated
from Eq. 2. To validate this prediction, we have directly mea-
sured both the osmotic pressure Π as well as the shear modu-
lus G′ of the neutral suspensions at different concentrations.
The experimental data in Fig. 2 show that G′ is orders of
magnitude smaller than Π, consistently with previous results9.
However Π and G′ share the same concentration dependence,
and such dependence is captured by the model. Indeed the
inset of Fig. 2 shows that the the model prediction describes
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Fig. 2 (color online) Concentration dependence of the osmotic
pressure Π (circles) and of the shear modulus G′ (diamonds) of
neutral microgel suspensions. Inset: Experimental Π and model
prediction (full line), vertically rescaled on the experimental G′.
the experimental G′ when rescaled by a factor ag ≃ 5 · 10−3.
The experimentally measured pressure Π also collapses on G′,
when rescaled by ≃ ag. This result strongly supports the idea
that the shear elasticity of the suspension is intimately related
to the osmotic pressure9, and shows that the model correctly
describes Π(ζ ). We note that the intimate relation between the
shear elasticity and the osmotic pressure also exists for other
disordered soft materials like emulsions28.
When neither the compression of the corona nor that of
the core can be neglected, as for our ionic particles, the full
model must be employed to describe the elasticity of the sus-
pension. In this case the size of the core and of the corona are
fixed by Eq. 3 and by the condition of mechanical equilibrium
Πin = Πbr. For each value of ζ , we numerically solve these
equations comparing Πin and Πbr, as illustrated in Fig. 3. The
inner pressure Πin, only depends on the core size Rc. Πin = 0
in absence of core compression, Rc = R0c , and monotonically
increases with decreasing Rc. Conversely, the brush pressure
Πbr monotonically increases with Rc. Indeed, as Rc increases,
ρ decreases and varies between the limits ρ = ρ0 and ρ → 0,
where the pressure Πbr vanishes and diverges, respectively.
For every value of ζ , the monotonic dependence of Πbr and
Πin on Rc assures the existence of a single equilibrium pres-
sure Πeq = Πin = Πbr, which fixes Rc and ρ . From Πeq(ζ ) we
estimate the ζ dependence of the elastic shear modulus G′th us-
ing Eq. 4. The theoretical prediction well describes the experi-
mentally measured G′ when rescaled by a factor ag ≃ 5 ·10−3,
as illustrated in Fig. 4a. The full model must also be employed
to describe the suspensions of highly cross–linked particles,
whose corona is not negligible. The experimental G′ is il-
lustrated in Fig. 4b, along with the model prediction rescaled
by a factor ag = G′/Π ≃ 5 · 10−3. Differently from what ob-
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Fig. 3 (color online) Dependence of the inner pressure Πin (dashed
line), and of the brush pressure Πbr (solid lines) of ionic
suspensions, on the relative core volume. Πbr is estimated at
different ζ values, as indicated.
served in absence of the core–shell structure, Fig. 2, in these
cases the shear elasticity G′(ζ ) grows with different regimes.
A shear elasticity growing in a similar manner has also been
observed in other microgel systems8,13,29. This behavior, orig-
inates from the ζ dependence of the relative compression of
the core, Rc/R0c , and of the corona, ρ/ρ0. Indeed, Fig.s 4c,d
reveal that as the volume fraction increases the corona com-
presses before the core. This indicates that the core is stiffer
than the corona, consistently with its higher polymer concen-
tration. The concentration at which the core starts compress-
ing roughly corresponds to that at which the ζ dependence
of G′ changes. This suggests that the small and the high ζ be-
haviour of G′ result from the compression of the corona and of
the core, which can be approximated by the incompressible–
core and the no–corona limits of our model. Indeed, Fig.s 4a,b
show that the shear elastic modulus computed using these lim-
its correctly captures the different G′ regimes. The model clar-
ifies that the separation between these two regimes depends on
the particle structure, which explains why they are not always
clearly distinguished in the rheological data.
4.2 Anomalous ratio between shear and bulk modulus
To rationalize the concentration independence of the scaling
factor ag, and its small value, we consider that the elasticity
of solids is conveniently described via spring-network mod-
els31. In this picture, the nodes represent the particles, and the
springs their force of interaction, in the linear approximation.
The moduli depend on the average stiffness of the springs, k,
or equivalently on the average single particle bulk modulus,
and on the geometrical features of the network. Precisely, un-
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Fig. 4 (color online) Experimental shear modulus (circles) and
model prediction (full line) of ionic (a) and of highly cross-linked
(b) microgels. The predictions in the limit of incompressible core
(dash-dotted line) and of no corona (dash-double dotted line) are
also reported. Panels c) and d) illustrate the corresponding model
predictions for the relative compression of the core (full line) and of
the corona (dashed line).
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Fig. 5 (color online) Collapse of the radially averaged pixel-pixel
correlation function of microscopy images of the suspensions of
highly cross-linked microgels, with concentrations ζ = 0.95 (black
circles), ζ = 1.16 (red diamonds) and and ζ = 1.88 (blue triangles).
The inset shows two microscopy images at different volume
fractions, and the relative unscaled correlation functions.
der the assumption that the geometrical features of the net-
work are fixed by the density, φ , the bulk and the shear mod-
ulus are expressed as K = k(φ) fK(φ), and as G = k(φ) fG(φ),
respectively. The functions fK and fG summarize the role of
the structure on the moduli. They are generally unknown,
but can be determined in the case of crystals, and therefore
of ordered networks, by exploiting periodicity to concisely
describe the structure32. This picture clarifies that, in gen-
eral, density affects the elasticity influencing both the single
particle bulk modulus, as well as the geometrical structure.
For instance, in the jamming perspective14, above the jam-
ming threshold signaling the onset of mechanical rigidity, one
finds fK(φ) = 1, which is the value expected in the presence
of an affine deformation of the network on compression, and
fG(φ) ∝ (φ − φJ)1/2. The small value of the shear modulus
close the transition originates from the presence of a strong
non-affine response of the system. This means that under an
applied external shear, the single particle motion does not sim-
ply follow the imposed external deformation. Indeed, the pres-
ence of non-affinity enhances the fluctuation term of the stress
tensor, which gives a negative contribution to the moduli30.
In the case of microgel suspensions, fK(ζ ) = 1 as the suspen-
sion bulk modulus equals the single particle bulk modulus9,
which is fixed by the osmotic pressure. As a consequence,
ag = fG(ζ ), and its constant value thus suggests that the struc-
ture of the system is concentration independent. This is spec-
ulation is in agreement with recent results obtained with our
ionic particles22, that show that the particle size varies with
concentration as ζ−1/3 in dense systems.
To verify this scenario, we focus on the suspensions of high
cross–linked microgels. Indeed, the structure of these suspen-
sions can be directly investigated as the high cross–linking
density makes these particles visible via optical microscopy.
Images of the suspension at three different concentrations are
shown in Fig. 5 (inset). To obtain a structural information from
the 2D images, we calculate their radially averaged pixel-pixel
correlation function C(r). Fig. 5 shows that the correlation
functions collapse on a single master curve when distances are
rescaled by ζ−1/3, confirming that the particle size decreases
as ζ−1/3 22. In addition, the collapse of the C(r) demonstrates
that the geometrical features of the packings are concentration
independent, and that ag is fixed by structure of the packing.
As a side remark, we note that this scenario might also be rel-
evant for emulsions, that also have a constant G/K ratio33.
In this case, the geometrical properties of the contact network
might be concentration independent, as above jamming par-
ticles deform on increasing concentration, being incompress-
ible.
The presence of a concentration independent structure ex-
plains the concentration independence of ag = G/K, not its
small value. This must arise from a strong non-affine re-
sponse30 of the microgel suspensions, which is concentra-
tion independent being the structure concentration indepen-
dent. Non-affinity in suspensions of compressible particles
has not been investigated so far, and we hope that our results
stimulates future work in this direction. In this respect we
note that a single microgel particle, being a gel network, is
expected to deform non-affinely34. Accordingly, one needs to
characterize the non-affine behavior of a suspension of non-
affine particles.
5 Conclusions
In this work we have described the elastic properties of micro-
gel suspensions on the basis of a simple model for the particle
structure and mechanical properties. Such model effectively
links the sub–particle scale to the macroscopic one, highlight-
ing the polymer–colloid duality of microgel particles. Our re-
sults show that the elastic properties of microgel suspensions
reflect the presence of two characteristic length scales in the
particle structure. In addition, our results clarify that the un-
expected relation between the bulk and the shear moduli of
microgel suspensions originates from the high compressibil-
ity of a microgel. This makes the geometric features of these
suspensions concentration independent, and their mechanical
response characterized by a high and concentration indepen-
dent degree of non-affinity. However, a direct measure of the
non-affine response of suspensions of compressible particles
is still lacking, and we hope that this work will stimulate re-
search in this direction.
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